
D E T E R M I N I N G  T H E  T H E R M A L  S T R E S S E S  IN A H O L L O W  

V I S C O E L A S T I C  S P H E R E  

A. F .  S i d o r o v  a n d  O. B .  K h a i r u l l i n a  UDC 539.32 

Fo r  a v i scoe las t i c  sphere  with spher i ca l  cavity,  solution of the quas is ta t ic  p rob lem of the 
s t r e s s e s  produced by a nons ta t ionary  t e m p e r a t u r e  field reduces  to solution of an integral  
- d i f f e r e n t i a l  equation whose r ight  side depends on an unknown function of the t ime.  A 
numer i ca l  solution method is descr ibed .  

We a re  to compute the s t r e s s e s  and s t ra ins  in a v i scoe las t i c  sphere  of radius R with a spher ica l  c a v -  
ity of radius  r 0 with speci f ied  s t r e s s e s  on the boundar ies  of the region,  and speci f ied  s t r e s s e s  at the initial 
t ime to: 

%; . . . .  =(rr(r o, t), %lr=R=O'r(R, O, %tt=to =(rr(r, to) (1) 

for  a l inear  law of v i scoe las t i c i ty  [2]: 

qo + 

Here  

ql o t /  or + po + p, ~ !-~r = o, (2) 

l 2~ (3) e = s + a T .  
E 

= T(r  o, t), T I r =  R = T(R ,  l), Tlt=t o = T ( r ,  to), 

~ IfY-;:' = ~ (to, to). 

The coeff icients  q0(T), ql(T), P0(T), pl(T) depend a r b i t r a r i l y  on the t e m p e r a t u r e  T. 

Fo r  spher ica l  s y m m e t r y ,  the complete  s y s t e m  of equations for  the l inear  quas is ta t ic  v i scoe las t i c  
p rob lem [1, 2] cons is t s  of the equi l ibr ium equation 

O~r + 2 (~, + ~ )  = O, 
Or r 

the consistency condition 

(4) 

(5) 

(6) 

r 089 
~" = ~ -r  + ~ '  (7) 

the heat -conduct ion equation 

__O'T + 2 0 T  _ I OT (8) 
Or 2 r Or a Ot 

and the law of v i scoe las t i c i ty  (2), (3) (all equations a re  r e p r e s e n t e d  in d imens ion less  var iab les ) .  

The initial and boundary conditions a re  given oniy for  (~r, so that we reduce the sys t em (2), (6) to an 
i n t e g r a l - d i f f e r e n t i a l  equation containing the second mixed der iva t ive  with r e spec t  to ar" Using (3), (7), we 
e l iminate  (~q~ f rom (6). We divide the resul t ing  equation by K = E / ( 1 - 2 p ) ,  and in tegra te  f rom r 0 to r; then 

Sverdlovsk Branch of the V. A. Steklov Mathematics Institute, Academy of Sciences of the USSR, 
Sverdlovsk. Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 17, No. 2, pp. 300-305, August, 1969. 
Original article submitted October 16, 1968. 

�9 1972 Consultants Bureau, a division o/ Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced /or any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

985 



g" 1 i r 2 ( r ~  OK + 3 a T ) d r  CI 
~ : ~ - + V  ~ h'~ o, ~ -  - ~ '  

ro 

Subs t i t u t ing  e~o into (2), we obta in  the fo l lowing  equa t ion  fo r  gr :  

0~~ - A ( r ,  O, 
OrOt 

q~ ~ ; - y  qo~ 

r 

(9) 

+ 3q_~l 
r ~ 3 0 ( a T ) - - ( 3 a , +  rU) d r +  (qoC2-~ qlC3) " (10) 

r4 J ~r + Ot -~  - ~  ' 
go 

C g : [ f z ( g ~ P - - K ) l l  .... "*C3: [?;1~ r g ) J /  .... "~ 

U = &rr V = - - .  
Or 0t 

The  a r b i t r a r y  t i m e  funct ion  e~0(r0, t) = f(t) and i ts  d e r i v a t i v e  0e~0(r0, 0 / a t  = if(t)  o c c u r  in C2, C~. 

T~ s o l v e  th i s  p r o b l e m ,  we s ~ t v e  (10) s o  a s  to s a t i s f y  the in i t i a l  cond i t i on  (1). A f t e r  we have  found 
~Zr, we can  d e t e r m i n e  the r e m a i n i n g  s t r e s s  and s t r a i n  c ompone n t s  f r o m  (6), (7), (9). 

The  l i ne s  r = c o n s t ,  t = c o a s t  a r e  c h a r a c t e r i s t i c s  of (10). 

In c o n t r a s t  to the o r d i n a r y  G u r s a t  p r o b l e m ,  w h e r e  the i n i t i a l  d a t a  a r e  known for  two c h a r a c t e r i s t i c s ,  
in ou r  e a s e  the i n i t i a l  cond i t i ons  a r e  s p e c i f i e d  on t h r e e  c h a r a c t e r i s t i c s ,  t = to, r = r 0, r = R, but  the f u n c -  
t ion f(t)  o c c u r r i n g  in the  c o e f f i c i e n t  of  (10) is  a r b i t r a r y .  It m u s t  be so  de f i ne d  that  a l l  t h r e e  cond i t i ons  on 
the c h a r a c t e r i s t i c s  a r e  s a t i s f i e d .  

The  s y s t e m  (10), (8) wi th  g iven  cond i t i ons  (1), (4), (5) cannot  be  s o l v e d  a n a l y t i c a l t y w h e n T  ~ coas t .  
When n u m e r i c a l  m e t h o d s  a r e  e m p l o y e d ,  i t  is  e s s e n t i a l  to e s t a b l i s h  the c o r r e c t n e s s  of the g iven  p r o b l e m .  
Th i s  is  not d i f f i cu l t  to do fo r  a m o d e l  equa t ion  with  c o n s t a n t  c o e f f i c i e n t s ,  

O,,, f(O d~r + a  - -  = 0 ,  
drOt 3r P 

which is  o b t a i n e d  f r o m  (10) when T - c o a s t .  It is  e a s y  to ob ta in  an e x a c t  so lu t i on  fo r  th is  equa t ion ;  i t s  
f o r m  shows  the c o r r e c t n e s s  of the  p r o b l e m  as f o r m u l a t e d .  

Le t  us now d e s c r i b e  a n u m e r i c a l  m e t h o d  fo r  s o l v i n g  (10), which  is b a s e d  on the m e t h o d  of c h a r a c -  
t e r i s t i c s  [3I. 

We c o n s t r u c t  a r e c t a n g u l a r  ne t ,  f o r m e d  by  the c h a r a c t e r i s t i c s  r = r 0 + ih,  t = t o + j r  (i = 0, 1 . . . .  , n; 
j = 0, 1 . . . . .  m) of (10). The  equa t ions  of the c h a r a c t e r i s t i c s  and the d i f f e r e n t i a l  r e l a t i o n s h i p s  a long them 

Family I Family II 

d r = O ,  d r=O,  

dt ~ AdU = O, dr - -  AdV ~ O, 

do r = Vdt, d~ r = Udr, 

(11) 

a r e  as  fo l l ows :  

wh i l e  (8) is  r e p l a c e d  by a p p r o x i m a t i n g  d i f f e r e n c e  equa t i ons  wi th  o r d e r  of a p p r o x i m a t i o n  O(h + ~'). The d i f -  
f e r e n c e  equa t ion  fo r  h e a t  conduc t ion  is s o t v e d  by the " d i s p e r s i o n "  m e t h o d  [4], i . e . ,  we can a s s u m e  that  the 
t e m p e r a t u r e  is  s p e c i f i e d  wi th in  the r e g i o n .  
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The final  compu ta t iona l  f o r m u l a s  fo r  (10) a r e  

U~.~ = A~.~_j + Ui.I_ 9 

V~.~ = A~_,.jh + V~_,.~, 
1 

% / =  f f  [.~,~_, + oi_,,~ + U~_~jh + V~.~_~], 

w h e r e  

(12) 

(13) 

(14) 

Ai'] I 
K~,~ K~,i \ r~ 

-F qmiS --~ VA~K -F 3r ~ (TAza + aA=T) -}- qo,,~S - ~  oA~K + 3r~aT ~ 

3  3o, 1 
' [ K ~ .  2 r~ k=1 

+ ~ [qol.J 3r~ [ (f l--aO.~Ko.j/)-t-q'~J(f~+'~-fJ 

h "~ 
i 

S ( ~ ) =  2r-~- (x~h'J - -  ~h-L1)" 
k=l 

3q~ i.Ja~,j 

Yi 

Vo,j 

K o , i  

A2T 

]; 
%,j - -%-LJ  . 

If  f o r  the j - th  s e r i e s  we know Gi,j, Ui , j ,  fj ,  then Vi, j can be found f r o m  (13), wi~h the so lu t ion  being 
r e f i ned  in a c c o r d a n c e  with the fol lowing f o r m u l a  [3]: 

h (A~_~.j + A~.j) + V~_~.j, 

(15) 

(16) 

w h e r e  

as soon as we d e t e r m i n e  the va lue  of fj+l(t) that  o c c u r s  in Ai, j. 

Le t t ing  fj+l = 0, we find Vi, j f r o m  (13), (16) with a c e r t a i n  e r r o r  Mi, j f j+ l. 
the e r r o r  f r o m  point  to point ,  we can obtain an e x p r e s s i o n  fo r  Mi, j ,  

h~ a a ] 
h (ai_l ,  j jr_ at 'J  ) -J- i - l ,J  i ,1]  M i  1 .i M,,j = 1 + - y  - 2 -  - '  

i--2 i--I 

+ hq. s dh.jMh, j § ~-  (1 + hack)hi_a. ~ -~- - ~  hi. j -+- hci_x.s (1 q- haij)  d~.jMh. ~, 

If we t r a c e  the i n c r e a s e  in 

3 
3ql i.i bAlK 3ql ~,FoK . j 

a~.j = 2riK ~ ~ (qli,J + p l , j K i j )  ; ci'j = 4 �9 r~ (ql~,s + KLJPlLJ)T 
4 h/X1K b~.~-  2r3 c~.j; d~ j= r; 

x . K2" , i > 1  
t,l 

(when i = 1, 2, the c o r r e s p o n d i n g  s u m s  in (17) d rop  out). 

As a r e s u l t  of d e t e r m i n i n g  Vi, j ,  we obtain  a c e r t a i n  va lue  Vn, j at  the point  (R, tj). 
f r o m  (1) we can find the exac t  va lue  of V(R, tj), a f t e r  which 

V (R, tj) - -  V~,~ 
]+1 = 

Mn,; 

Knowing the p r o p e r  va lue  of fj+t, we r e c o m p u t e  Vi, j and p r o c e e d  to compu te  Gr(r , t) and U(r ,  t) f o r  the 
(j + 1 ) - s t  s e r i e s .  No addi t ional  i t e r a t i o n s  a r e  r e q u i r e d  to d e t e r m i n e  Vi, j. 

We compu te  Ui,j+ 1 f r o m  (12) and then use  the f o r m u l a  

1 (&j+Atj+l)  X+U~j U~,j+l = ~ -  . �9 

(17)  

On the other hand, 

(18) 

(19)  

to r e f ine  the so lu t ion .  The  unknown value Vi,j+ 1 o c c u r s  in Ai, j+l ,  h o w e v e r .  Thus  the funct ion U(r ,  t) is r e -  
f ined by i t e ra t ion .  We f i r s t  let  Vi,j+ 1 = Vi, j and compu te  l}i,j+ ~ fo r  the en t i r e  s e r i e s .  We next  find Vi,j< 1 
and compu te  I~ - i , j+l ,  e tc .  The  i t e r a t i on  p r o c e s s  t e r m i n a t e s  when 
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Fig .  1. S t r e s s e s  (r r as funct ion of t ime t and of rad ius  r (a, b ,  r e -  
spec t ive ly) :  a) 1) r = 7 ;  2) 10; 3) 13; b) 1) t  = 4 ;  2) 9; 3)16; 4)21.  

1 l--1 
I U~,j+~ - -  U~,j+~ I < 6, (20)  

w h e r e  l is the n u m b e r  of the i t e ra t ion ,  and 5 is the spec i f i ed  e r r o r .  

We compu te  a. ~+1 at the s a m e  t ime as U i i+l- The s e r i e s  is f i r s t  eva lua ted  by means  of (14), and in 
subsequent  ca lcu la t ions  the s e r i e s  cri,j+ 1 is re f ined  f r o m  the fol lowing f o r m u l a  [5]: 

h l l T I 
1~i,]+1 = gi,j ~ I~i-],]+l -~- 2 -  (Ui - l , . f+ l~ -  Ui,J+l) 4.- - ~  ~ Vi, ] -q- Yi,j+l). (21) 

Wri t ing  (6), (9), (7) in t e r m s  of d i f f e r ences ,  we can obtain f o r m u l a s  fo r  a(p, ~(p, ~r .  

The me thod  was  t e s t ed  in the c l a s s  of suf f ic ient ly  smooth  solut ions  fo r  point solut ions  obtained when 
T = cons t  and ~q~ = crr. 

Eva lua t ion  of d i f fe ren t  v e r s i o n s  indica ted  the s tabi l i ty  of the p r o p o s e d  computa t iona l  s c h e m e .  It a lso  
turned  out that  one i t e ra t ion  was  usual ly  suff ic ient  to sa t i s fy  (20). 

As an example ,  we ca l cu la t ed  the s t r e s s e s  in a hollow sphe re  (r 0 = 5, R = 15) of epoxy r e s in  [6], fo r  
which 

~l = 10443-exp ( - -  0.0275T), a -- 8. l0 -5, 

E = - -  1.75T q- 352.5, ix = 0,4, 

1 E 
P o - ~ - - ,  p , = l ,  % = 0 ,  q l - -  

11 I-Fix 

The ca lcu la t ions  w e r e  c a r r i e d  out under  the fol lowing condi t ions:  

r l t=o = 3 6 ;  T[ r=5=  [45 - 1  ( t - -6 )  2, 0 < t < 1 4 ,  

[ 30 , 1 4 < t < 2 1 ;  

1 (t - -  12) 2, e ,  I,L~. = O; T lr=15 = 72 - -  ~ -  t=o 

~, tt=o = or It=5 = ~rlr=~S = 0. 

The solut ion r e su l t s  a r e  shown g raph ica l ly  in F ig .  1. 

The me thod  p r o p o s e d  can be employed  e f fec t ive ly  to des ign s t r u c t u r e s  of the h o l l o w - s p h e r e  type made  
f r o m  v i s c o e l a s t i c  m a t e r i a l s  with a r b i t r a r y  t e m p e r a t u r e  c h a r a c t e r i s t i c s  and an a r b i t r a r i l y  va ry ing  t e m p e r a -  
tu re  f ield.  

(r r ,  (r~o 
S 

e r, e~ 

N O T A T I O N  

a re  the n o r m a l  s t r e s s e s  at a r e a s  with n o r m a l s  r ,  q~; 
is the a v e r a g e  n o r m a l  s t r e s s ;  
a r e  the rad ia l  and c i r c u m f e r e n t i a l  s t r a i n s ;  

988 



e 
r 
t 
T(r ,  t) 
qo(T), ql(T), po(T), p~(T) 

P 
E 
K 

h, ~r 

(ri,j, Ui, j '  Vi,j '  T i , j '  Ai,j '  qoi,j' 

qfi,j ,  Poi,j, Pfi,j, c~i,j, Ki,j 

1. 

2. 
3. 
4. 

5. 

6. 

is the average elongation; 
is the radius of the sphere; 
is the time; 
is the temperature; 
are the parameters of viscoelasticity; 
is the coefficient of thermal expansion; 
is the Poisson ratio; 
is the Young's modulus; 
is the bulk modulus; 
is the viscosi ty;  
a re  the radius and time steps;  

a re  the values of the corresponding functions at the point r i = r 0 + ih, 
tj = t o + jz.  
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